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Abstract 

We introduce the notion of fibred action of a group bundle on a C(X) -algebra. By using 
such a notion, a characterization in terms of induced C*-bundles is given for (7*-dynamical 
systems such that the relative commutant of the fixed-point C*-algebra is minimal (i.e., it is 
generated by the centre of the given C*-algebra and the centre of the fixed-point C*-algebra). 
A class of examples in the setting of the Cuntz algebra is given, and connections with supers- 
election structures with nontrivial centre are discussed. 

AMS Subj. Class.: 46L05, 55R10, 22D45 

1 Introduction. 

A result by S. Doplicher and J.E. Roberts ([6, Thm.l]) characterizes any compact C*-dynaniical 
system {B, G) with fixed-point algebra A := B'^ and conditions A' nB = BnB' , An A' = CI, in 
terms of an induced bundle of C*-algebras over a homogeneous space. The fibre of such a bundle 
is a C*-dynamical system {T, H) with H C G, satisfying the conditions J-^ ~ A' O T = CI. 

It is of interest to generalize the above theorem to the case in which the centre of A is non- 
trivial. From a mathematical point of view, our motivation is a duality theory for (noncompact) 
groups acting on Hilbert bimodules ((21j). From the point of view of mathematical physics, the 
original motivation was the following: given our C*-dynamical system {B,G), define C := B' HB, 
Z :— Al V\ A, and assume that A' H B is generated as a C*-algebra by Z and C; we look for a 
C*-dynamical system (JF, H) , H C G , such that 

= A , A'nT = Z . (1.1) 

The above relations play an important role in the context of certain C*-dynamical systems arising 
from superselection structures with nontrivial centre, called "Hilbert C*-systems" (see P])- From a 
physical viewpoint, p.ip appeared in low-dimensional conformal quantum field theory as a principle 
(see [ini §1, p. 142]): the C*-algebra plays the role of a field algebra, ^ is a universal algebra from 
which the "real" observable algebra can be recovered, and H is the "gauge group", which in the 
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above reference turns out to be actually a quantum group. In particular, the above interpretation 
of (jl.ip has been recently recognized ([H (4.34)]) in the Streater- Wilde model (pJ]). 

Now, at the algebraic level T appears as the image of a C*-epimorphism rj : B ^ J- , and H is 
the stabilizer of kerry w.r.t. the G-action. In the case in which the centre of A is nontrivial, it is 
easy to construct examples such that H reduces to the trivial group (see Sec l6.2p . This unpleasant 
fact led us to introduce the following construction. As first, it is well-known that if an Abelian 
C*-algebra C{X) is a unital subalgebra of the centre of a C*-algebra then we may regard B 
as a bundle of C"''-algebras with base space X . Given a bundle Q ^ X oi compact groups, we 
introduce the notion of fibred action oi Q on B , in such a way that each fibre of Q acts on the 
corresponding fibre of B (Def l3.2p . 

Then, we adopt this point of view for the case of our C*-dynamical system {B, G) , by choosing 
C{X) := C r\ A. In this way, we find that IF has the structure of a bundle with base space X , 
on which a bundle Ti acts in the above sense, with 7i C X x G . The fibred action of TL turns 
out to be non-trivial also in cases in which the stabilizer H is trivial fRem lXTj) . Roughly speaking, 
we obtain that T is a, "field algebra" carrying an action by a bundle H of "local gauge groups" 
(ThmErl ThmlO]). 

In analogy with the original motivation of Doplicher and Roberts, we apply our construction to 
symmetric endomorphisms arising from superselection structures with non-trivial centre fThm l7T2l 
Thm l7.4) ): in this setting, C{X) is interpreted as the C*-subalgebra of ^'n^ which is left invariant 
by the action of such endomorphisms. Since in low-dimensional quantum field theory unitary 
braidings arise, we hope to develop in a future work an analogous construction, involving Hopf 
C(A') -algebras ([T]) instead of group bundles. 

Groups of sections (of trivial bundles) acting on C*-algebras have been also considered in In 
this case, the main motivation arises from local quantum gauge field theory, and X is interpreted 
as a (compactified) space-time. 

The present work is organized as follows. 

In SeclU we give some basic properties about bundles p :Y ^ X , regarded as the topological 
counterparts of the commutative Co (A^) -algebras Co(F). Then, we consider group bundles, and 
the associated groups of sections (for brevity called section groups, see Def l2.3p : in the case in which 
the group bundle is locally trivial, we prove the existence of Co (^) -valued invariant functionals, 
playing the role of the Haar measure fDef l4.11 Prop |4.3| ). 

In SeclSl we introduce the notion oi fibred action of a group bundle Q X owa. Co(X)-algebra 
fDef l3.2p : we establish some basic properties, and make use of invariant means arising from the 
invariant Co (X) -valued functionals (SecHJ. Usual group actions on C*-algebras are recovered as 
fibred actions by trivial group bundles fCor l3.4p . In SecO we discuss the case of fibred actions on 
Abelian C*-algebras. 

In Secini we provide a generalization of [B, Thm.l] to the non-trivial centre case: every fibred 
C*-dynamical system {B, Q) is isomorphic to an induced bundle with base space the spectrum 
of C (PropinUl); moreover, if A' C] B is generated by C and Z, then T satisfies the analogue of 
(|l.ip with a group bundle Ti playing the role of H (Thm lO]) . Existence of a section s : X Q, 
is our main assumption for the above results; this characterizes f2 as a homogeneous bundle in the 
sense of Sec l2.1l We provide a class of examples in the context of the Cuntz algebra, from which it 
is evident that existence and unicity of {!F,TL) are not ensured ('Sec l6.21 Seed]). 

In SecI?! we apply our results to Hilbert C*-systems and Doplicher-Roberts endomorphisms 
associated with superselection sectors. Let ^ be a C^'-algebra with centre Z, and p an endomor- 
phism satisfying the special conjugate property in the sense of [TOl §2], [21 §4]. Then, we prove that 
fibred Hilbert C*-systems (.F, Q) satisfying ^ A, A! C\T = Z are in one-to-one correspondence 
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with the set of sections of a suitable homogeneous bundle fThm lT?^ . In the particular case of 
endomorphisms studied by Baumgartel and Lledo, we are also able to prove existence and unicity 
of {J^,g) (ThmEll), in accord with [H Thm.4.13]. 

Keywords. Standard notions about topological and group bundles can be found in [13]. Let X 
be a locally compact Hausdorff space; a Co(X)-algebra is a C*-algebra A equipped with a nonde- 
generate morphism Co{X) ZM{A) , where ZM(A) is the centre of the multiplier algebra M{A) 
( [151 §2]); in the sequel, we will identify the elements of Cq{X) with their images in A'I{A) . Cq{X)- 
algebras correspond to upper-semicontinuous bundles of C"''-algebras ( ^17. Thm.2.3]), thus generalize 
the classical notion of continuous field (bundle) of C*-algebras ([5l §10]). li x ^ X , the fibre Ax of A 
over X is defined as the quotient of A by the ideal kerx^ := {fa , f £ Co{X), f{x) — , a £ A} . 
Thus, for every x € X there is an evaluation epimorphism tt^ '■ A Ax , in such a way that 
||a|| = sup^ ||7ra;(a)|| , a e A. If U C X is an open set, then CuiX) := {/ e Cq{X) : f\x-u = 0} 
is an ideal of C{X) ; we define the restriction Ajj :— closed span {fa, f e Cu{X), a e A} , which 
is a closed ideal of A. Note that Ajj is a C(7(X) -algebra in the natural way. li W C X is closed, 
then the restriction of A over W is defined by the epimorphism ttw ■ A Aw ■= A/Ax--w ■ 
A Cq{X) -morphism from a Co(X)-algebra A into a Co (v'r) -algebra S is a C*-algebra morphism 
r] : A B such that rj{fa) — fij{a), f G Cq{X) , a <E A. Tensor products in the setting of 
Co (v'^) -algebras are defined in [J §3.2], and are denoted by ®x- 

2 Bundles, section groups. 

A bundle is a surjective, continuous map of locally compact Hausdorff spaces p : Y ^ X . We 
denote by Yx p^^{x) the fibre of Y over x £ X . 

If f7 C X is an open set, then Yu :— p~^{U) C Y defines itself a bundle p\yu :Yu^U, called 
the restriction of Y on U . If p' : y ^ X is a bundle, a bundle morphism is a continuous map 
F : Y ^ Y' such that p' o F — p: if F is also a homeomorphism, then we say that Y , Y' are 
isomorphic. The fibred product of bundles p : Y ^ X , p' : Y' ^ X is defined as Y Xx Y' := 
{{V: y') £ Y X Y' : p{y) = p'{y')} ; note that Y XxY' has a natural structure of a bundle over X . 
Let X , Yq he locally compact Hausdorff spaces; the natural projection p : X x Yq ^ X defines in 
a natural way a bundle. A bundle isomorphic to X xYq is called trivial. More in general, a bundle 
is locally trivial if for every x £ X there is a neighborhood U 3 x with a bundle isomorphism 
a(j : p~^{U) U xYq, where Yq is a fixed locally compact Hausdorff space. 

In our terminology, a bundle p : Y ^ X is the topological counterpart of the commutative 
Co(X)-algebra Co(l'); the associated structure morphism is ip : Cq{X) M{Co(Y)) , ip{f) :— 
fop, and the fibres are Co{Y)x = Co{Yx) , x £ X ; ii z £ Cq(Y) , the image of z w.r.t. the 
epimorphism tTx : C'o(Y) — )■ Cq{Yx) is given by the restriction Zx '■= z\y^ . 

Definition 2.1. Let p : Y ^ X be a bundle. A positive Co(X) -functional is a linear, positive 
Co{X) -module map ip : Co{Y) Co(X), i.e. ip{fz) — fip{z), V5(z') > for every z £ Cq{Y) , 
f£Co{X), 0<z'£Co{Y). 

Lemma 2.2. Let p : Y ^ X he a bundle, (p : Cq{Y) — > Co(X) a positive Co(X) -functional. Then, 
for every x £ X there is a unique positive Junctional ^Px ■ CoiYx) C such that [ip{z)] (x) = 

iPxiZx), Z £ Co(F). 

Proof. We prove that the map px ■ Co{Yx) C, (px{zx) ■— ifiz)) (x) , x £ X , is well defined. Let 
z' £ Co{Y) such that z'^ — Zx, i.e. z — z' £ kcrTTj^ , and Cx{X) C Co(X) be the ideal of functions 
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vanishing on x; since keiTTa^ is a nondegenerate Banach Ca:(X)-biniodule, by [U Prop. 1.8] there 
is / £ Cx{X) such that z — z' = fw, w G kerTTa^. Thus Lpx{zx) — Lpx^z'^ = ifviw)) (x) = 
f{x) (ip{w)) (x) — 0, and ip^ is well-defined. □ 

Let idx denote the identity map over X . A (not necessarily continuous) map s : X ^ Y 
such that p o s — idx is called a selection of Y . In particular, a section is a continuous selection 
s : X ^ Y , p o s = idx ■ From the C*-algebraic point of view, sections correspond to Co{X)- 
epimorphisms 

: Co(r) C7o(X) , z ^ ,p,{z) := z o s . 

In general, existence of a section is not ensured. On the other side, a frequently verified property 
is existence of local sections^ i.e. maps sij : U ^ Y , p o su = idjj , where U <Z X is an open set. 
We say that Y has local sections if for every x ^ X there is a neighborhood U 3 x with a section 
sjj : U ^ Y . Locally trivial bundles have local sections. 

We denote by Sx{Y) the set of sections of Y . Now, Sx{Y) is endowed with the "uniform 
convergence" weak topology such that for every z e Co{Y) the map {s i— > z o s} is norm continuous. 
Of course, if X reduces to a single point we get the usual Gel'fand topology over Y = S^x}{Y)- 
A closed subset 5* C SxiY) is said to be total if for every y E Y there is a section s G 5 with 
y = s o p[y) . In this case, we say that Y is full. 

A group bundle is a bundle p : Q ^ X such that every fibre Gx p^^{x) , x € X , is a locally 
compact group w.r.t. the topology induced by Q . 

For every x € X , we denote by Cx the identity of Gx , and consider the identity selection 

e:={X3x^^exeg} . (2.1) 

Moreover for every g,g' G Sx{Q), the following selections are defined: 

/ gg' ■ gg'{x) g{x)g'{x) 

\ : g-\x) -.^ g{x)-^ ,xeX ^^''^ 

Definition 2.3. Let p : Q ^ X he a group bundle. A section group for Q is a total subset 
G C Sx{Q), which is also a topological group w.r.t. the structure k2.1\2.2fl . 

Example 2.1. Let Go be a locally compact group and Q := XxGo; then, Sx{Q) can be identified 
with the group C(X, Go) of continuous maps from X into Go. It is clear that Sx{Q) is a section 
group, so that Q is full. Let G C Sx{Q) be the subgroup of constant maps from X into Go ; then, 
G is a section group, isomorphic to Gq . 

2.1 Homogeneous bundles. 

Let p : Q ^ X he a, group bundle, and Ti <Z Q a, group subbundle. Then, every fibre Hx := 
Ti C\p^^{x), a; e X, is a subgroup of Gx ■= p~^{x). We denote by HXG the quotient space 
defined by the equivalence relation induced hy H on Q . For every y £ G , denote by yn ■— 
{hy : h £ Hpi^y-^^ the associated element of 7i\G ■ Now, H\G is a locally compact Hausdorff space, 
endowed with the surjective map 

Ph -G HXG , Pniy) yH ■ (2.3) 

Moreover, H\G has a natural bundle structure q : H\G X , q{yH) '■— p{y) , with fibre the space 
Pn^i^) •= Hx\Gx of left i/^-coscts in Gx . Thus, pu is a bundle morphism, i.e. qopfj — p. If C/ is 
full then the same is true for Ti,\G , in fact the set Gh :— {gn ph o g,g £ Sx{G)} C SxiTi-XG) 
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is total for T-C\g . To be more concise, we define J7 := Ti-XQ , so that we have a bundle q : fl ^ X . 
The map (|2.3p defines itself a bundle psi : — fi, that we are going to describe. Let us consider 
the restriction pn.x ■ Gx , x E X. Then, we may regard Qx as the coset space Hx\Gx, 

so that pn,x can be interpreted as the natural projection from Gx onto Hx\Gx, induced by the 
quotient topology. We have the following commutative diagram 




from which it follows that : Q ^ Q has fibres ffp(t^) := Gp(^^) fl 7Y, uj G fi. Note that if X 
reduces to a single point, then (|2.4p is simply a quotient map of the type K ^ K ^ K\L, where 
C L is an inclusion of compact groups. 

Lemma 2.4. Let p : Q ^ X he a compact group bundle, Ti. C Q a compact group subbundle. If 
Pn ■ G ^ ^ ■ ^ Ti-XG , has local sections, then there is a finite open cover {Wk} of fl with bundle 
morphisms 

Sk:Gk:=Pn\Wk)^nk:=nnGk (2.5) 

such that 

Skihy)^hdk{y) , heUk^yeGk ■ (2.6) 

Proof. For every cu € fl, there exists a neighborhood W C fl, oj Q W , with a section sw : W ^ G , 
Pn ° Sw — idw ■ Since f2 is compact, we obtain a finite open subcover {W^}, with sections 
Sfe '■ Wk ^ G ■ The morphisms 5k are defined by (5fc(y) y ■ (sfe o p^^y))^^ . □ 

Lemma 2.5. Let p : G ^ X be a locally trivial bundle with fibre a compact Lie group L , Ti. C Q 
a compact group subbundle. Then, the bundle pQ : G '.— 'H\G has local sections. 

Proof. Let q : Q X denote the natural projection, and tu £ fl; then, there is a neighborohood 
W u! such that U := q{W) trivializes G , so that we may identify Gu ■= P~^{U) with the trivial 
bundle U x L. The previous remarks imply that Hu '■= Gu f^Ti is "subtrivial", in the following 
sense: there is a family {Ui C U}^^j such that Ui DUj — 0, LiiUi — U , and TCu is the disjoint 
union UiUi x Hi, where each ILi is a closed subgroup of L. This also implies q~^{U) = UiWi, 
Wi — UiX {Hi\L) , and w € UiWi . We now proceed with the proof of the existence of local sections. 
By construction, there is a set of indexes J C I such that u; G di^jWi ~ r\i(zjUi x {Hi\L) , where 
Wi (resp. Ui) denotes the closure of Wi (resp. Ui). Let now i,jGJ such that Ui n Uj contains 
some element x. We consider a sequence {(x„,?;„)} C Uj x Hj converging to {x,y) G UiUi x Hi. 
Since Hj is closed, we find y G Hj ; moreover, since x G Ui C\U j , we find y G Hi. Since we 
may pick an arbitrary converging sequence {j/n} C Hj, we find that Hj C Hi. By applying the 
same procedure to every pair of elements of J, we conclude that the set {-ffijjgj is totally ordered 
w.r.t. the inclusion, thus there is an index iq such that Hi C Hi^ for every i d J . In order for 
more concise notations, we define Hq := Hi^, Uq ■= Ui„ , Wq := Uq x Ho\L. In this way, we 
have inclusions U x {Ho\L) C LiiUi x {Hi\L) ; moreover, we may pick Vq C Ho\L with a section 
s -.Vq ^ L ([m Thm.3.4.3]). In this way, we obtain a section idu x s G SuxVoiU x L) . Since we 
may identify U x Vq with a neighborhood of uj , say Wq , we conclude that there exists a section 
from Wq into U x L. □ 
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3 Actions on C(X) -algebras. 



In the present section, we introduce the notion of fibred action of group bundle on a unital C{X)- 
algebra. For this purpose, we briefly recall some results on the categorical equivalence between 
Co (X) -algebras and a class of topological objects called C*-bundles. In order to simphfy the 
exposition, we consider the case in which X is compact and the given C(X) -algebra unital. 

3.1 C*-bundles. 

Let X be a compact Hausdorff space. A C*-bundle is a Hausdorff space S endowed with a 
surjective, open, continuous map Q : E ^ X such that every fibre Y,x ■= Q~^ix), cc £ X, is 
homeomorphic to a C*-algebra. We assume that E is full, i.e. for every cr e E there is a section 
a G S'x(E) such that a o Q{a) = a . Let Q' : E' — > X be a C*-bundle. A morphism from E into 
E' is a continuous map : E — > E' such that: (1) Q' o </> = Q; this implies that (/)(Ej:) C E^ , 
X G X ; (2) (j)x : E^ — > E^ is a C*-algebra morphism for every x G X . The map is said 

to be an isomorphism (resp. monomorphism, epimorphism) if every (jj^ , a; £ X , is a C*-algebra 
isomorphism (resp. monomorphism, epimorphism). 

Now, every a G 5x(E) defines a family {a{x) G E^,}; thus, the set of sections of E is endowed 
with a natural structure of C(X) -algebra w.r.t. the pointwise-defined *-algebra operations, sup- 
norm, and pointwise multiplication by elements of C(X). On the other side, let ^ be a C(X)- 
algebra with evaluation epimorphisms tTx ■ A ^ Ax, x G X. Then, the set A := U^ex -^2; , 
endowed with the natural surjective map Q : A X , becomes a C*-bundle if equipped with the 
basis 

Tu^a^e := |cr e ^ : Qicr) G U and ||cr - 7rQ(^) (a)|| < e| , (3.1) 

where t/ C X is open, a G e > 0. Some examples follow: the C*-bundle associated with 
A := C(X) (X) ^0 is clearly A ^ X x Ao, with Q{x,ao) := x, x G X, ao £ Ao if A := C{Y) 
is Abelian, then there is a surjective map q : Y ^ X , and the C"''-bundle A X has fibres 
Ax = Ciq'Hx)), xeX. 

The map { ^ ^ y4 } defines a functor: if 77 : ^ ^ is a C(X) -algebra morphism, then the 
associated morphism rj : A ^ A' is defined in such a way that rj o Wxia) = tt'^ o r]{a), a G A, 
X G X , where tt'^ : A' ^ A'^ denotes the evaluation epimorphism. For the proof of the following 
theorem, see |11[ Thm.5.13]; in order to understand the terminology used in the above reference, 
we recommend the reader to [HI §1 , §5]. 

Theorem 3.1. Let X be a compact Hausdorff space. The functor { A ^ A} induces an equiva- 
lence from the category of C{X) -algebras into the category of C*-bundles with base space X. 

For every C(X) -morphism rj : A ^ A' , it turns out that keryy is a C(X) -algebra. We denote 
by kerr^ X the associated C"''-bundle. It is clear that there is an inclusion ker?} C A such that 
(kerry)^; C kerry^;, a; G X. 

We conclude the present section with a remark on C(X) -algebras and C*-bundles. Let A be 
a unital C(X) -algebra with fibre epimorphisms '■ A Ax , a; G X, and p :Y ^ X a compact 
bundle, so that C(Y) is a unital C(X) -algebra. Let P : ^ ^ X be the C*-bundle associated 
with A ■ We consider the set Sx {Y, A) of continuous maps F : Y ^ A such that P o F = p, 
\\F\\ sup J, II F(?/) II < 00. Sx{Y,A) is endowed with a natural structure of C*-algebra w.r.t. the 
pointwise-defined operations, and it is easily verified that there is a natural isomorphism 

S ■.C(Y)®xA^ Sx{Y,A) , [S{z^a)] (y):^ z{y) np(^y){a) . (3.2) 
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3.2 Group Bundles acting on C(X) -algebras. 



Let G be a locally compact group; as remarked in 17, §4], every action a : G ^ axitxA induces 
a family of actions {a^ : G aut^j;}^ , such that 

T^x ° otg — OL^g ° T^x 1 x£X,a£A,g£G. (3-3) 
The above elementary remark suggests to introduce the following notion. 

Definition 3.2. Let X he a compact space, p : Q X a group bundle, A a C{X) -algebra. We 
say that Q acts fiberwise on A if there is a family of strongly continuous actions a :— {a^ : Gx ~^ 
aut^j; , X S X} , such that the map 

a: GxxA^A , (y,CT) H^a^((7) , x := p{y) = Qia) , (3.4) 

is continuous. In such a case, we say that a is a fibred action, and that the triple {A, Q, a) is a 
fibred G{X) -system. If Q is full, then we say that a is full. The fixed-point algebra w.r.t. a 

is the G{X) -subalgehra A" := {^a A : Uy o -K^ia) ~ TTxia) ^ X , V?/ G G^;} . 

Proposition 3.3. Let [A,Q,a) be a full fibred C{X) -system. Then, for every section group 
G C Sx{Q) there is a strongly continuous action 

-.G-^ sMtxA (3.5) 

such that 

<^g{x) oTTx ^TTx°af , g & G , X e X . (3.6) 

On the converse, if a strongly continuous action IS. 5]) endowed with a family {a^ : Gx — > aut^^;}^ 
satisfying 113.6\) is given, then there is a unique fibred Gq{X) -system {A,GtOi) such that a'^ is 
associated with a in the above sense. 



Proof. Suppose that a fibred action a is given. If (/ € Sx{Q) and a & A, then by continuity of a 
the map Sg^a : X ^ A, Sg^a{x) := ctg(^x) ° ^^i^) i belongs to Sx{A) . Elementary remaks show that 
the map a'^{a) := Sg^a defines the desired automorphic action. Let now a'^ be an action satisfying 
p.5l3.6p . Since G is full, for every y (z G there is g G G with g(j){y)) = y. We define the map 



ct : G 'Xx A ^ A, a{g{x),a) 



(cr) , a <E Ax- Note that 



ensures that a{y,a), y eG, 



cr G ^, is well-defined, in fact it does not depend on the choice of 5 G G satisfying g{x) = y. We 
now verify that a is continuous. For this purpose, let us consider {y,(T) G G Xx A, with x := 
p{y) = Q{(j) ; we pick a A and g G G such that g{x) — y and 7r^(a) = cr, so that tt^ o a^(a) = 
a'y{a) . Moreover, we define b := (a) , and consider a neighborhood of the type Tu^b,e for ay{cr) , 
with U C X , U 5 X (see p.ip ). Since a'^ is strongly continuous, there is a neighborhood V 5 y 
with the following property: for every g' G G such that g{U) C V , and for every cutoff A G 
Gw{X), U CW , A|;7 = l,it turns out that ||A6 — Aa^, (a)|| < e/2, so that for every x' G U we 



find 



ib) 



oTTx'ia) < e/2, y' := g'{x') G V. Thus, for every {y',a') G V Xx Tu^a,e/2, it 



turns out, with x' :~ p(y') — Q{(^') G C/, 



^x'{b)~al,{n') < ^,,(6)-a^ o7r,,(a) + ||^,, (a) - a'H < e/2 + e/2 



Thus, ayi{a') G Tc/,f),e i and we conclude that a is continuous. 



□ 
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Corollary 3.4. Let A be a unital C*-algebra, G a locally compact group, and a : G autA 
a strongly continuous action. We define C{X) := (A HA')" (so that A is a C{X) -algebra) and 
Q :— X X G . There is a unique fibred action a : Q Xx A^ A such that a is the action associated 
with a in the sense of the previous proposition. 

Proof. G appears as a section group of constant sections for ^ := X x G, so that p.3p can be 
regarded as a special case of p.6p . The proof now follows from Prop |3.3l □ 

We introduce a natural notion of equivariance. If {A, G, en) , (B, Q, (3) are fibred C(X) -systems 
and ri : A ^ B is a C(X)-morphism, we say that 77 is Q-equivariant if r]oa{y,a) = P{y,f](a)), 
y ^ G, <T £ A. In this case, we use the notation 77 : {A, a) (6,/3). The proof of the following 
Lemma is trivial, therefore we omit it. 

Lemma 3.5. Let p : Q ^ X a group bundle, {A,Q,a) a fibred G{X) -system, and : A ^ J- 
a G{X) -algebra epimorphism with associated family {rj^ : Ax •^x}xiex- U Q a group 

subbundle such that 

a{y,a) £ kerrj , y £ H , cr G kerry , (3-7) 

then there is a unique fibred action [3 : Ti. Xx T ^ T such that rj o a{y, a) — P(y, f]{a)) , y £ Ti , 
<7 ^A. 

Corollary 3.6. Let A be a C{X) -algebra, G a compact group, and a : G ^ autx^ a strongly 
continuous action. If rj : A J- is a C{X) -epimorphism, then every element of the stabilizer 
H :— {h £ G : ah(keTr]) = kerr]} defines a section of the group bundle 7i C X x G of elements 
satisfying |5'.7[ ) w.r.t. the induced fibred action on A. 

Remark 3.1. According to the previous corollary, there is a fibred action {J^, H, (3) , anyway also a 
strongly continuous action I3h '■ H — » autxJ- is defined. Note that in general H is not a section 
group for TL; for example, if we consider X = [0, 1] , Ti = {(cc, /i) G X x G : /i = 1 for a: > 1/2}, 
then we obtain H = {1}. Thus, we may have the "extreme" situation in which H reduces to 
the trivial group, whilst TL is non-trivial (this happens in the case in which SxiTi-) reduces to 
the identity selection). Roughly speaking, fibred actions are better behaved than usual strongly 
continuous actions w.r.t. G(X)-epimorphisms. 

Example 3.1. Let p : Q ^ X he a compact group bundle. We denote by C{G) the C{X)- 
algebra of continuous functions of Q, and by Q : Ag X the associated G*-bundle with fibres 
■^G,x — G{Gx), X £ X . It is clear that there are actions : Gj; — > autG(Ga;), A^^(y) := £,{h~^y), 
-.Gx^ autG(G:E), pf,^{y) :—^{yh), ^ S C{Gx), h,y G Gx- Thus, there are fibred actions 

X-.gxAg^Ag , A(2;,0:=Af^)(0 .33. 
p-.gxAg^Ag , p{y,0 --^ pI^'\0 

We call A , p respectively the left and right translation actions over Q . 

Let p : Q ^ X be a group bundle, and {A, Q, a) a fibred C(X) -system. We denote by X' the 
spectrum of (A'ClA)" , and identify C{X') with (A'nA)" . The obvious inclusion G{X) ^ G{X') 
induces a surjective map q : X' X . Now, it is clear that ^ is a G(X') -algebra with associated 
G*-bundle Q' : B ^ X' , and there is a G(X') -isomorphism t : A ^ B -.^ Sx'{B). At the level of 
G*-bundles, it is easy to recognize that r induces an epimorphism r : X' Xx A ^ B. Let 
X' Xx G; then, the following map is well-defined: 

p:q.gxx'B^B , (3iix',y) , T{x',a)) := ?ix',a{y,a)) . (3.9) 
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By construction {B,q^G,f3) is a fibred C(X') -system, and {B' Ci B)^ = C{X'). We conclude that 
fibred C(X)-systenis {A,Q,a) can be always "rescaled" in such a way that C{X) coincides with 
{A' n A)'' . 

4 Invariant means. 

We recall the reader to the notation used in Lemma [22] and Ex l3.ll 

Definition 4.1. Let p : Q ^ X he a group bundle. A positive C'o{X) -functional Lp : C{){Q) — > 
Cq[X) is said to be left (resp. right) invariant if 

ipx o X{y,Zx) ^ ipx{zx) (resp. ipx ° piu, z^) ^ ^x{zx) ) , (4.1) 

y gQ, X := p{y) , z G Co(5). // ^ is left and right invariant, then is said to be invariant. 

In the next lemma, we establish a unicity result for invariant functionals. We denote by Cfc(X) 
(= M{Cq{X))) the C*-algebra of bounded continuous functions on X, and by {X) the space 
of positive functions. 

Lemma 4.2. Let p : Q ^ X be a group bundle, a left (resp. right) invariant positive Co{X)- 
functional. Let pL^ '. Cq{Gx) — > C denote a left (resp. right) Haar measure on Gx, x E X . Then, 
if is unique up to a multiplicative factor t £ Cb{X)~^ . 

Proof. Let {(fx G Co{Gx)*}rc be the family of states defined as in Lemma [2.21 The equality (|4.ip 
implies that cpx is a left (resp. right) G^; -invariant state on Cq{Gx)', the left (resp. right) Gx- 
invariance of ipx implies that ipx — XxPx for some Xx G ■ This also implies that if tp' : Go{Q) — > 
Go{X) is a left (resp. right) invariant positive Co(X) -functional then we find Xx ' ifiz)) (x) = 
Xx ■ iv'iz))ix) , z G Cq{Q) . The previous equality implies that (p{z) , (p'{z) G C(){X) have the same 
support for every z G Z . We define the map t : X ^ C, t{x) :— Xx^Xx , x £ X , and prove that 
it is continuous; for this purpose, we consider an approximate unit {Xi}^ C Go{G) , and note that t 
is a limit in the strict topology t = lim^ ip' {Xi)ip(Xi)~^ ; since the net in the r.h.s. of the previous 
equality is contained in Gq{X), we conclude that t G Gb{X) . □ 

Let Gq be a locally compact group, K a topological group acting continuously by proper 
homeoniorphisms on Gq . Then, K acts by automorphisms on Co(Go); in the sequel, we will 
identify elements of K with the corresponding automorphisms of Go(Go). 

Proposition 4.3. Let X be a locally compact, paracompact Hausdorff space, p : Q ^ X a locally 
trivial group bundle with fibre Gq and structure group K . Let ipo : Go(Go) —>■ C denote a left (resp. 
right) Haar measure such that ipo o a = ipo , a £ K . Then, there is a left (resp. right) invariant 
positive Co{X) -functional on Cq{Q) . 

Proof. Let {Ui}^^j be a locally finite, trivializing open cover for Q . Then Cq{G) is a locally trivial 
continuous bundle with local charts ai : Go{p~^{Ui)) Co{Ui)(S'Co{Go) , and if-cocycle : UiCi 
Uj ^ K C autGo(Go). Let idi be the identity on Co{Ui); we define (pi : Co{p~'^{Ui)) Co{Ui) , 
ipi := {idi O (Pq) o ai . It is clear that every ipi is a left (resp. right) invariant Go (CA) -functional on 
Co{p~^{Ui)) . Now, since ipa is if-invariant we find that if UiHUj ^ , then {idij (Sx/'o) ° {idij®a) = 
idij®ipQ, a£K. This implies that ip^{F) = (pj{F), F G Co(J)-^{U^))r^Co{p-^{Uj)). Thus, if {AJ 
is a partition of imity subordinate to {Ui} , then the following left (resp. right) invariant positive 
Go (X) -functional is defined: ip : CoiG) ^ Go(X), ip{F) := T,^V^i>^^F)^ F £ Co{Q) ■ □ 
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It is clear that every trivial group bundle admits an invariant Co (J'^) -functional. Moreover, by 
applying the previous result we may also easily prove that the same is true for principal bundles, 
and for bundles of unitary, vector-bundle morphisms ( [141 1.4.8]). 

Let ^ be a C(X) -algebra with fibre epimorphisms tt^ : A ^ Ax, x E X , and p : Q ^ X a 
compact group bundle. To be concise, we define A^ := C{Q) (S>x A. A^ has a natural structure of 
C(X) -algebra, with fibres A^ = C{Gx) <^ Ax , x e X . We denote hy P : A^ ^ X the associated 
C*-bundle. The translation actions defined in Ex l3. II extend in a natural way on A^ : 

X-^-.gxA^^A^ , X^^-F{y'):^F{y-^y') 

p^-.gxA^^A^ , p^'^'Fiy') = Fiy'y) ^ ' ' 

where F G Sxig,A) ~ A^ (see ([S^)), y,y' e G , x :^ p{y) = p{y') . We call g^) left (resp. 
right) translation G-action over C{Q) CSx A. The following lemma is just the translation in terms 
of fibred systems of a well-known basic property of C*-algebra actions, thus we omit the proof. 

Lemma 4.4. Let p : Q X be a compact group bundle, and (A, Q, a) a fibred C{X) -system. 
Then, there is an equivariant C{X) -monomorphism T : {A, a) {A^,p^) such that Ta{y) := 
a{y,TTx{a)), a e A, yeG, x := p{y) . 

Let p : G ^ X he a, compact group bundle with a right invariant positive C(X) -functional 
</? : C{G) ^ C{X), and A a C(X)-algebra. Then, the following positive functional is defined 

(pA ■ A^ ^ A : (Pa{z ® a) :— ip{z) a , 

in such a way that the equality tTj, o (pAiP) = Jq Piv) d,p.x{y) holds for every F E A^, X := 

p{y) E X; ^x denotes a Haar measure of Gx , according to Lemma |4?2] Let a : G xx A ^ A he 
a fibred action. Then, a ^-invariant mean mg : A — > A" , mg{a) :— lpa oTa, is defined, where 
Ta € AP is defined as in Lemma For every x E X , the following equality holds: 

'Kxorng{a) = / a{y,TTx{a)) dfixiy) ■ (4-3) 
We define mg^x '■ Ax (Ax)"' as the l.h.s. of (|4.3p . so that mg^x ° t^x — t^x ° "mg . 



5 Abelian fibred C(X) -systems. 

Structural properties of centers of C*-algebras carrying a group action will be important in the 
sequel. For this reason, we establish some properties of fibred actions in the Abelian case. 

We fix some notations for the rest of the present section. Let X be a compact Hausdorff space, 
C := C(f2) a unital, Abelian C(X)-algebra, so that there is a surjective map g : f2 — > X; we 
define Ux := q~^{x), x E X. In such a way, the C(X)-algebra structure of C is described by 
the monomorphism iq : C{X) —> C, iq{f) '■= f oq- We denote the evaluation epimorphisms by 
rix : C ^ Cx ^ C{flx), X £ X . 

Let p : G ^ X he a compact group bundle. We consider a fibred action a : G 'Xx C ^ C , such 
that C" — iq{C{X)) ~ C{X). By applying the Gel'fand transform, we obtain an action by bundle 
automorphisms 

a*:Gxx^^^ , a*{y,uj) -.^ uj o a'^y , X := q{uj) . (5.1) 

Let [C {VL' ) , G T (3) be a fibred C(A)-systcm. A (bundle) morphism F : VI ^ Q,' is G -equivariant if 
Foa*{y,uj)= ;0*(2/,i^(w)), y G a, e 17; in this case, we write F : (17, a*) ^ (17',/3*). 
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In the sequel of the present section, we assume that there exists a left invariant positive C{X)- 
functional ip : C{Q) — > C{X) . 

Lemma 5.1. C is a continuous bundle of Abelian C*-algehras over X; for every x £ X, there 
is a closed group C Gx , unique up to isomorphism, such that the fibre Cx is isomorphic to 
C{Hx\Gx). 

Proof. Let a; G 17, x := p{uj) G X . For every x £ X there is an action : Gx — > autCa; , with 
Cx — C{flx)- We now prove that Gx acts transitively on Qx- Let / G G{Qx) be G^; -invariant; 
by the Tietze theorem, there is /' G G{Q) with f'\n^ = by applying the C?-invariant mean 
mo : C — > C" , we obtain a function /o := mg[f') G C" . By (|4.3p . we obtain /o|a^ = wg(/')|n^ = 
'mg^x{f'\ii^) — iTT-g.xif) = f ■ Since /o G iq{G{X)) — C" , we obtain that /o is a constant function 
on ilx for every x E X. This proves that / is a constant map; thus C{^lx)°' = CI, i.e. Gx 
acts transitively on fix- The isomorphism C{ilx) — C{Hx\Gx) is obtained by defining Hx as the 
stabilizer of some uJx £ ^x ■ It remains to verify that C is a continuous bundle over X . For this 
purpose, we consider the right Hilbert C(X)-module Ai := L'^{C,mg), defined by completition of 
C w.r.t. the C(X)-valued scalar product (c, c') := mg{c*c'); by construction, there is a C{X)- 
module map C ^ c t-^ Vc £ M. . For every x £ X , we consider the state ujx := x o mg : C ^ C, 
and the associated GNS representation tTx : C L{Aix) ■ By definition, Mx coincides with the 
fibre of Ai over x in the sense of [H Def.l4]. Now, C acts by multiplication on A4, so that there 
is a C(X)-morphism tt : C — > L{A4), tt{c)vc' ■= Vcd , c,c' G C Since mg is positive, we find that 
TT is injective. If c, c' G C and r]x{c — c') = 0, then there is / G G{X) such that f{x) = and 
c - c' = iqif)c" for some c" G C (see [H Prop. 1.8]). This implies ujxic - c') = f{x)mg(c") = 0, 
i.e. TTx{c — c') = 0. We conclude that rjx{c) = r]x{c') TTxic) = tTx{c'); thus, ttx = tTx ° Vx for 
some representation tTx ■ Cx L{A4x)- The previous considerations imply that tt defines a field 
{tTx}x(:x of faithful representations in the sense of [TJ Def.2.11], and [3 Prop. 3. 11] implies that C 
is a continuous bundle of C*-algebras over X . □ 

Lemma 5.2. Suppose that there is a section s G Sxi^) ■ Then, there is a compact group subbundle 
H. Q Q , with a bundle isomorphism ~ 7i\5 (see Sec \2.1]) . 

Proof. We define Ti. := {h £ Q : a*{ h,s[p{h)) ) = s{p{h))}; moreover, we note that for every 
y £ Q , h£H, it turns out a*{ hy, s{p{hy)) ) = a*( y,s{p{y)) ); thus, the map 

T:n\g^n , riyn) ■.= a*{y,s{p{y)) ) (5.2) 

is well-defined, and it is trivial to check that it is a bundle isomorphism. □ 

We conclude that if {G{fl),Q,a) is a fibred C(X)-system endowed with an invariant C{X)- 
functional tp : G{Q) C{X) and a section s £ Sx{^) , then there exists a compact group subbundle 
Ti-s Q Q with an isomorphism Ti.s\G — Thus, the considerations of Sec 1 2. II applv. in particular 
Lemma 12.41 and Lemma 12.51 Note that the isomorphism class of Hs depends on s : by choosing a 
different section s' £ Sx{^) , we may get a group bundle Hs' not isomorphic to Hs (Sec. H]). 

6 Induced C*-bundles. 

In the present section, we denote hy p : G ~^ X a compact group bundle. Moreover, we consider 
a fibred G{X) -system (B, g,a). We fix our notation with A -.^ , Z := An A' , C := B B' . 
By p.9p . we may eventually "rescale" X , and assume that C{X) — C" . We denote by C V Z the 
C*-subalgebra of B generated by C and Z . We denote hy tTx B ^ Bx , x £ X , the epimorphisms 
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associated with B as an upper semicontinuous bundle over X . Note that A, Z , C inherit from B 
the structure of C(X) -algebra. We denote by the spectrum of C , and hy q : ^ ^ X the natural 
projection induced by the C(X)-algebra structure of C; in particular, we define fix ■— q^^{x), 
X d X . Since C is stable w.r.t. a, by applying the Gel'fand transform we obtain a fibred action 
a* : Q X n ^ n , a* {y,uj) := uj o a'y'^'^ . We now expose the main results of the present section. 
Together with Prop l6.4l they generalize [H Thm.l] to the nontrivial centre case. 

Theorem 6.1. Suppose that Q admits a left invariant positive C{X) -functional, and consider 
the fibred C{X) -system {BjQ^a). Then, for every section s G Sx{^) there is a compact group 
subbundle Tig C Q and a fibred C{X) -system {Ts,'Hsi P) , with a C{X) -epimorphism rj : B J-g ■ 
Moreover, the following properties are satisfied: 

1. C is a continuous bundle of C*-algebras over X, with fibres C{Hx\Gx) , x ^ X ; there is a 
C{X) -algebra isomorphism C ~ C{Tis\G) ; 

2. rj is injective on A, and A^ — ! 

3. assume that A' H B ^ C \/ Z ; if Q — > has local sections, or Tig is endowed with a right- 
invariant positive C {X) -functional, then Z~ ti{Z) — rj{A)' C\!Fs- 

Some remarks follow. Existence of a (left) right invariant positive C(X) -functional is verified 
under quite general conditions, in particular when Q ^ X is trivial (see Prop H?^ : recall that 
compact group actions on C*-algebras in the usual sense can be regarded as fibred actions by 
trivial group bundles fCor l3.4p . Existence of the section s G Sx{^) is the necessary assumption to 
define the group bundle Tis, on which our construction is based; fibred C(X) -systems such that 
VL ^ X does not admit sections can be constructed also in the case in which Q ^ X is trivial, as 
we shall see in Sec|Sl About the assumptions to prove Point 3 of Thm l6.1[ we note that existence 
of local sections for Q ^ is ensured under quite general conditions (Lemma 12. 5p ; anyway, there 
are examples for which — > does not admit local sections also in the case in which X reduces 
to a single point: in explicit terms, there arc compact groups G with compact subgroups H Q G 
such that the projection G H\G does not admit local sections (see [181 I-7-5]); but in this last 
case, we can use the Haar measure of H and apply Lemma 16.71 as done (implicitly) in fSl. Finally, 
unicity of Tig is not ensured: by choosing a different section s' : X ^ fl we may get a group bundle 
Tis' not isomorphic to Tig ; explicit examples are given in Sec l6.2[ by choosing as in SeclS) 

Let G be a compact Lie group. Then, the trivial bundle G ■= X x G admits an invariant 
C(X) -functional; moreover, for every group subbundle Ti <Z Q we find that : — > i7 has local 
sections fLemma 12.51) . Thus, we obtain the following result. 

Theorem 6.2. Let G be a compact Lie group, B a unital C*-algebra, and a : G ^ autB a strongly 
continuous action. Define A := B"' , Z ■.= A'nA, G{n) -.^B'DB, C{X) := G{n) n A (so that, a 
bundle — > X is defined), and suppose that A' Cl B — C{fl) V Z . For every section s G Sx{^) , 
the following properties are satisfied: 

L there is a compact group bundle Hs X , Tig Q X x G , with a fibred G(X) -system 
2. there is a G{X) -epimorphism rj : B ^ J-s , which is injective on A, and such that ri{A) — , 
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6.1 Proof of ThmJlIIl 



Let s e Sx{^)- We denote by 0^ : C — > C{X), 0s (c) cos, the C(X)-epiniorphism associated 
with s . Moreover, we consider the group bundle Tig C Q defined by 



Hs—iheg : a*{h,sop{h)) = s o p{h)} 



(6.1) 



and denote by Hx := Hs H Gx , x G X , the fibres of Hs ■ In the sequel, we will denote by y, y', ■ ■ ■ 
(resp. h,h' , . . .) generic elements of G (resp. Hs)- Note that if c € ker (ps , then by definition of Hs 
we find aKca;) € kei (j)s , h G Ti , x := p{h) ; in fact, a% o Cx{s{x)) = Cx o a* {h, s{x)) = Cx{s{x)) = 
0. 

Let us now suppose that there is a left invariant positive C(X) -functional (p : C(Q) C(X). 
By Lemma |5. 11 Lemma l5.21 there exists an isomorphism C ~ C{T-Ls\Q) with ^x — Hx\Gx , x £ X . 
In the sequel, we will identify f2 with the homogeneous bundle TiaXQ ■ This implies that we have a 
group bundle pa : ^ fJ, defined according to (j2.3p . The above considerations supply a proof of 
Point 1 of ThmEU 

We now consider the closed C(X) -ideal kevcfisB C B generated by {ch, c S ker 0s, b G B} , 
and denote by 

r]:B^Ts:= B/ (ker (j)sB) (6.2) 

the associated C(X)-epimorphisni. We denote by Tx '■ ^s,x: x G X, the evaluation epimor- 

phisms associated with ■ Note that if we regard ;B as a C(ri) -algebra, then rj is the restriction of 
B over the closed subset s{X) C fl. By construction, ker^s'B is a non-degenerate ker^s-bimodule, 
thus every b S ker^s^S admits a factorization b = cb', c € ker 0s, b' £ ker^s'B. By definition of 
Hs, we find af^{cxTrx{b)) = af^{cx) af^ o Trx{b) G ker?/, x := p{h) . This implies that Hs satisfies 
p.7p . thus we have a fibred action 



Lemma 6.3. 



p-.HsXxJ's 
rj is injective on A. 



Ts 



rjo a{h, a) — P{h, f]{a)) , a £ B 



Proof. In order to prove that 77 is injective on it suffices to verify that each rjx ■ Bx ^ ^s,x , Vx 
v\b^ , X £ X , is injective on nx{A) C Bx- For this purpose, note that ;B is a C(ri) -algebra, thus 
it is easy to verify that each Bx, x G X , is a C(ri2;) -algebra; for every uj € H., we consider Bx,ui ■— 
Bx/[Cui{^x)Bx], and denote hy € B x^uj the image of c G Bx w.r.t. the quotient epimorphism 



Bx Bx,uj- It is clear that \\a\ 
w.r.t. the action a* , we find 



sup^gjj^ ||(Ta)||- Moreover, since fix is a homogeneous space 



sup \\fT^(y) 

yeG^ 



(6.3) 



where i-u{y) :— a* {y, s{x)) , x :— p{y) ■ Note that Lu{ex) = s{x) , where Cx is the identity of 
Gx- Now, by definition of 77 we have rjxia) = <Js(x)', for every y G Gx, cr" G Trx{A) , by us- 
ing the fact that (t° is a"^ -invariant, we find + G^(^yj{ilx)Bx = cr^ + c(y_i{Cs{x){^x)Bx) — 



a - 
y 

ini, 



' + Cs(x){^x) ■ Thus, we obtain 
<-i(aO + c'a) 



inf„ 



inf„ 



"^i(cV) 



s{x) 



— info-,c' llo" + c'cjl = 
c' G Gs{x){^x) ■ The above computation shows that if r]x{(J^) = 0, then cr°(j^) 
so that the lemma is proved. 



77a; ((7°) II , where cG Bx, c G C^^(y)(rix) , 
for every y G Gx, 



□ 



Let us now consider the C(X) -algebra tensor product := C{Q) ®x ^s , and the associated 
C*-bundle Q' : X with fibres T^,^ = C{Gx) ®Ts^x, xeX. By we identify J^f with 
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Sx{Q,^s)i and define the following C(X)-subalgebra of : 

5/5(0,^.) :-{Fe^f : F{hy)=P{h,F[y)) , h^Hs.v^G] (6.4) 

(note that we assume p{y) = p{h)). The C*-bundle associated with Sp{Q,J^s) will be denoted 
by Ts.p — > X. Let a : G J's ^ denote the right translation G-action (|4.2p . so that 
{Tf,g,a) is a fibred C(X)-system. If F e Sp{g,Ts) then a^oF(V) = F{hy'y) ^ f3f^oF{y'y) = 
Ph ° F{v') ■ Thus, Ts^ij is stable w.r.t. the action S, and a fibred C(X) -system 

{Sp{Q,Ts) , Q .a) (6.5) 

is defined. We call (|6.5p the induced C{X)-system associated with {B,G,ct)- Some elementary 
remarks, analogous to the one in 6, p. 71], show that the fixed-point algebras Sfj{Q,J-s) and J-^ 
coincide, in the sense that elements of Sp{Q,J^s) are exactly those of the type F{y) :— Tp(^y^{F) , 

FeT^. 

Proposition 6.4. There is an equivariant C{X) -isomorphism 

T : {B,a) {Si3{Q,Ts),a) , Tb{y) -.^ fj o a{y,TT^{b)) , 
where b € B , y € G , x p{y) . 

Proof. By continuity of a, rj, and since b defines a section of B, we find that Tb belongs to 
Sx{Q, ^s) ■ In order to economize in notations, we define a :— -Kxib) , so that Tb{y) — rj^ o ay{a) . 
We compute Tb{hy) ^ r/, o al o a^{a) = PI o rj, o a^ia) = (31 o Tb{y) , thus Tb G SpiG.Fs)- 
Let now T : B ^ ^s,f3 be the morphism induced by T. Then, we may regard Ta as a map 
from into Ts^,^ and [a(y,fa)] {y') = fa{y'y) = 77, o (a^(a)) = [T o a-(a)] (y') ■ So 
that, a{y,Ta) = T oa{y,a), and T is equivariant. We now verify that T is injective. For this 
purpose, we recall the reader to the G(rix) -algebra structure of S^, and make use of the notation 
introduced in the proof of Lemma [6.31 Let y d G , ^(y) := Oi*{y,s{x)); then, for every a G Bx, 
we find cty{a + C^(^y-i){^x)Bx) = cty{a) + Cs(x)i^x)Bx ■ By recalling the definition of the fibre 
epimorphism Bx Bx,u, we conclude that defines an isomorphism from Bx^u{y-^) onto Bx^s(x) ■ 
This implies ||ci^(i,-i) || 



Thus, we conclude 



{<^l{^))s(x)\\- On the other side, (a^(cr))s(x) = Vx o a^i<y) ^ Ta{y). 
To'{y) = ||crj^(j,-i) II , y G Gx- Now, every oj' e V,x is of the type uj' = Lu{y) 

for some y G Gx ■ Thus (by (|6.3[) ) Ta = if and only if cr = 0, and T is injective (i.e., T is 
injective). We now prove that T is surjective. Let F G Sp{G,J-s)- Since every rjx is surjective, for 
every y € G there is bx € B such that Tbx{y) — rj o a{y,Trx{bx)) = F{y), x := p{y) . Let e > 0; 
for every y G , we consider the open set 

Uy:^{y'<-G : \\F{y') ~ Tbx{y')\\ < e} . (6.6) 

Now, for every h £ Us we have l3l{F{y)) = F{hy), P^{Tbx{y'}) = Tbx{hy') , and this implies 
Uy = Uhy By construction, {Uy}y is an open cover for G', we pick a finite subcover {Uy^}/^, 
with the corresponding bk := bp{yk) ^ satisfying (|6.6p . Let us now consider the projection : 
G ^ ^; since C/j^^^ = C/^i^j^ , h E Hs, there is a partition of unit {A^} C C such that {A^ op^j} c 
C{G) is subordinate to {UyJ. We define 6^ := Hk^khk G B.li yCzG, then ||F(y) -T6e(2/)|| < 
I^fe -^fe(Pf^(y)) ll-^(y) ~^^fc(2/)ll ^ llk'^k{y)£ = e. This proves that the image of T is dense in 
SpiG^^s). □ 
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Let ex G Gx denote the identity. By definition of rj and T , we find 

TxOi^{b)=Tb{ex) , xeX . (6.7) 

Corollary 6.5 (Point 2 of Thm lG.ip . The map T induces a C{X) -algebra isomorphism A ~ J^s^ ■ 
Moreover, TJ^ = 7?(.4) . 

Proof. Since T is covariant, we find that every S-invariant element of Sj3{Q,J-s) is of the type Ta 
for some a £ A. But Ta is S-invariant if and only if Ta{y'y) = Ta{y') for every y' ^ G; thus, if 
h e Us then Ta{h) = Ta{hex) = P^(Ta{ex)) = Ta{exh) = Ta{ex). In other terms, by 

o T-^('7(a)) T-^(?7(a)) , xeX , 

so that we conclude ri{A) C JT^. On the other side, it is clear that every F e J^^ defines an 
S-invariant element of Sp{G,^s), say F, by defining F{y) :— Tp(^y){F), y € Q; in fact, F being 
fiberwise constant, we have F{hy) — F{y) = Tx{F) , x := p{y) — p{hy) , so that ° F{y) = 
F{y) = F[hy). Thus, F ~ Ta for some a £ A, i.e. F = r]{a) . Since r]{A) is isomorphic to A 
(Lemma 16.31) . the corollary is proved. □ 

Now, C{X) may be regarded as a C*-subalgebra of 'i]{Z) (recall that is a C(X) -algebra), 
and rj{C) = 0(C) = C{X) C r/(Z) . Thus, we find 

r]{A' n B) = rj{C \/ Z) = -niZ) . (6.8) 

Lemma 6.6 (Point 3 of Thm l6.l| ). Suppose that pn : G ^ ^ has local sections. If A' DB = CW Z , 
then ri{Ay H Ts = r]{Z) ~ Z . 

Proof. It is clear that rj{Z) C rj{A)' n Tg ■ On the converse, let F G ri{A)' n Ts . In order to prove 
that F G rj{Z) , it suffices to verify that F = i]{b) for some b G A' DB. In fact, in such a case (|6.8p 
implies that F S r]{Z) . Let us now consider a finite open cover {VFfc} of satisfying the properties 
of Lemma 12.41 We consider a partition of unity {A^} C C{G) subordinate to {pQ^(II^fc)} ^ so 
that \k{hy) = Xk{y), h € Hs, y E G- We consider the bundle morphisms (|2.5p . and define the 
map 

T6(y):=^Afe(2;)-/3(4(y),Tp(,)(F)) , yeG- 

k 

Since F defines a continuous section of Tg, and by continuity of /3, 5k, we find Tb G Sx{G,J-s). 
Moreover, by applying jM]), we find Tb{hy) = Ph{Tb{y))] thus, Tb e Sfi{G,^s), i.e. b e B. 
Since F e r;(^)' n , we find T6 G T(yl)' n 5/3(0, .f,) = T{A' n B) . By applying we find 

Ta: o ri{b) = Tbicx) = ''^(i^) for every a; e Jf, and this implies F — rj{b) . □ 

Lemma 6.7 (Point 3 of Thm l6.l|) . Suppose that there is a right- invariant positive C{X) -functional 
5 : C{Hs) C{X). If A'nB = CV Z, then rjiA)' n = v{Z) ^Z. 

Proof. As for the previous lemma, it suffices to prove that for every F G rj{A)' H Ts there is 6 G 
A' n B with ri{b) = F. To be more concise, we define J-g' := ri{Ay D Tg', it is clear that Tg' is 
stable w.r.t. (3. Let us consider the map F G C(7Ys) , F{h) := (3f^ ot^(F), x :— p{h) . 

Since TLg C is closed, by the Tietze extension theorem for continuous bundles ([S] Chp.lO]) we 
find that there is 6g C{G)®x^s such that b\-u^ = F. In particular, b{ex) — Tx{F) , x^X. Let 
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us now consider the -invariant mean m : Tj {3^s'Y induced by 6; then, for every x £ X, 
F' e Tj , we find o m{F') = /^^ (31 o T^{F')d^i^{h) (see gSJ). We define the map 

b{y) ■■= I {PhV' ° Khy) dfiAh) e^s , yeG; 

since b € C{G) ®x , we find that h S C(^) ^s' ^ C*!^) ®x \ moreover, since d^i^. is 
right-invariant, we find b{h'y) = f3^, o f{(3^i^,)~^ o b{hh'y)dfix{h) = fif^, o b{y) . This imphes b e 
Sp{G, J's) , thus = Tb' for some b' ^ B . Since 6 takes values in JT,' , we find b' ^ A' D B; finaUy, 
Tb'ie^) = 6(e,) = J {(3^)-^ o F{h)dfi,{h) = / Tx{F)dtMM - t,(F), so that (by ^) we find 
ri{b') = i^, and the lemma is proved. □ 



6.2 A class of examples. 

Let dGN, d>2, GC §lLJ(rf) a compact Lie group. We consider an Abelian C(X) -algebra C(S1) 
carrying a strongly continuous action p : G ^ autxC{n) , such that C{X) = C{n)P. Starting 
from this data, we construct a C*-dynamical system {B, G, a) satisfying the hypothesis of Thm l6.2l 
We now start our construction. By Lemma |5.1[ every fibre fl^ := q~^{x) is homeomorphic to 
a homogeneous space H^/G, x Cz X . In order to simplify our notation, we write ujg := lu o pg ^ 
ui E g E G. Let us now consider the order d Cuntz algebra Od, generated by a set {ipi}f^i of 
d orthogonal isometrics satisfying 

i^*ijj=5,,l , ^7^,7/;* = 1. (6.9) 

i 

It is well-known that G acts by automorphisms on Od '■ if 5 G G , then there exits a unique 
g e autOd such that 

diipi) = gi/Ji ^gtj-ipj , (6-10) 

where gij G C arc the matrix coefficients of g w.r.t. the canonical basis of C*. We define B :— 
G{fl) iS) Od- B is a. trivial continuous bundle of Cuntz algebras over fi; moreover, B is also a 
G(X)-algebra, with fibres B^ — C{^lx) ®Od: x E X . In the sequel, we will regard elements of B 
as continuous maps from into Od ■ We introduce the action 

a -.G^aMtxB , [ag{b)]{oj) -.^g {b{ojg-^)) 

where b G B, g € G, ui G fl. We can now regard a as a fibred action a : G xx B ^ B, with 
G -■= X X G . We define A:= B"; by construction 

A = {Ae B -.giAioj)) ^ A{ojg) , 5 e SU(d)} . 

Lemma 6.8. A' r\B = C{n) , and A' (1 A = G{X) . 

Proof. It is clear that G(ri) C A'nB. Let Og denote the fixed-point algebra of Od w.r.t. the action 
(jgl^ . By [71 Cor.3.3], we conclude that n = CI. This also imphes that 0'(j D B = G(0) 
(we identify Og with the set of constant maps from into Og)- Let us now consider the constant 
map A{uj) := a E Og, A E B. Then [ag{A)]{uj) = g{a) = a = A{lu) , g E G, uj E^. This proves 
that Og C ^, so that A'nB C 0'(.nB = G{n). We conclude that A'nB ^ C{n). In particular, 
if 5 € G(rj) is a-invariant (i.e., b E A' nA), then by definition b is p-invariant. We conclude that 
bEG{fl)P = CiX). □ 
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We now assume that there is a section s G Sxi^), and consider the associated C(X)-niorphism 
(f>s : C{n) C'(X). By applying Thni l6.2[ we obtain a fibred C(X)-systeni {T,Hs,(}), where 
Hs ^ X X G is defined according to (|6.ip . We now verify that for every h e Hs , F e C{X) (g) Od , 
X := p{h) , the following relations hold: 

T ~ C{X) Od 

PloF{x)^h{F{x)) , 
A = TP ' 
ADA' = A' r\T = C{X) 

About (|6.11l l): we have ker^g := {c G C(ri) : c{s{x)) =0, x E X} , thus a continuous map 
b : fl ^ Od belongs to ker(j)sB if and only if & o s{x) — 0, x £ X. The quotient of B w.r.t. such 
an ideal is the set of continuous maps from s{X) into Od, and t] is the restriction on s{X) . Since 
s{X) is homeomorphic to X , we find ()6.11l l). In order to simplify our notation, in the following 
lines we identify T with C{X)'»Od- About ([OT1 2V if & e S, then {r]{b)) (x) ^ bos{x), x e X. 
By definition of Tig, we find s{x)h = h for every h G -ff 2: , a; e A". Moreover, the fibred action 
(3 satisfies j3f^ o Tjx = rjx ° ct^ , h E H, x := p{h) . U F E T and F — r]{b) for some b £ B, then 
(3^ o F{x) = o 6 o s{x) = al{b{s{x))) = h{b{s{x)h-^)) = h{b o s{x)) = h{F{x)) . The equality 
([BT11 3) follows from ThmO About (|6TTT] 4). note that (I6TTI 2) implies C(A)(X)Og C JT''. Thus, 
(J^^)'nJ^ C {C(X)®Og)' n J^; since n = CI , we conclude that {C{X)®Og)' n 
= C(A) , so that {T^y r\ T ^ C{X) . This also implies {P^)' P = C{X) . 

Note that Tig may be not full; in particular, the stabilizer H of ker?7 in G may be trivial 
fRem l3.lt . Moreover, a different s' e Sx{^) rnay define a group bundle Hs' C not isomorphic 
to Hs (see Sec|8l) Of course, the case in which V, does not admit sections is possible (see SecEl 
where actually an action T autxC{n) is considered; anyway, we may take G := U{T), where 
U '.T ^ SU((i) is a faithful representation). In this case, the group bundle Hs cannot be defined. 



7 Superselection structures. 

It is well-known that the field algebra describing a superselection structure of quantum localized 
observables is constructed in mathematical terms as a crossed product by a semigroup of C*- 
endomorphisms having permutation symmetry ([9l §3], [101 §2]). In the present section, we give a 
generalization of the above-cited crossed product to the nontrivial centre case, at least for the case 
of a single endomorphism fThm lT?^ . In particular, we also cover the case of Hilbert C*-systems 
considered in [5] (ThmlO])- 

Let ^ be a unital C*-algebra, p G end^ a unital endomorphism. We define Z :— A' Ci A, and 
C{X) := {f G Z : p{f) — /}. Let us assume that there is a C*-algebra B with identity 1, carrying 
an inclusion A C B oi unital C*-algebras, such that: 

1. B is generated as a C*-algebra by A and a set {V'iliLi: c? G N, of isometrics satisfying the 
Cuntz relations (|6.9p . Thus, an endomorphism ais G endB, 

aB(6) :-^V*Wa* , beB (7.1) 

i 

is defined. By universality of the Cuntz algebra, there is a unital monomorphism j : Od ^ B; 

2. the following relations hold: 

p{a) = aB{a) , aE A . (7.2) 
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Note that the previous relations imply that if / G C(X), then / commutes with ipi, .. ., 
ipd, thus f € B' n B. In other words, ;S is a C(X) -algebra (also note that is a C{X)- 
endomorphism) ; 

3. there is a strongly continuous action a : §lLJ((i) autxB, such that B" — A, Ug o j{t) = 
j ° g{t) > 9 £ SU(c?) , t E Od, where g e autO^ is defined as in (|6.10|) . 

We denote by C the centre of B , and by fl the spectrum of C . 

Let Osv{d) C Od be the fixed-point algebra w.r.t. the SU(d) -action (|6.10p : then, the above 
considerations imply that j{Ogi](^d)) ^ A. For every r, s g N, we consider the intertwiner spaces 

r (p'^, p'^) ■={teA: p'{a)t = tp'{a), a e A} 
\ ((7^5, cr|) —{wGB: a%{h)w = wj3(6), 6 £ B} 

In particular, for r = 0, we define a% :— lb (the identity on B) and :— la (the identity on A). 
Let / := {ii, . . . , v} be a multnndex of lenght |/| = r G N. We define ■(/'/ := Hr V'v ('-B, fg) ; 
note that 

^^z^; = l , ri^r=5u'l. (7.3) 
/ 

Let J be a multiindex with lenght s G N. By [71 §2], the following "flip" operators belong to 
3{0%v{d)) C A: 

e{r,s) ^ Vj^'/V'^I G (a^+^^7^+^); 

7J 

note that in particular e{r,s) G (p''"'"'*, . To be coherent, we also define e(0, s) = e(r, 0) = 1. 
By using (|7.3p . we compute 

M^i) = = ^p^^J{^*J^l)IW* = £(1, r)V'/ . (7.4) 

i ij 

With the same argument used for the £(r, s) 's, we conclude that if P(r) is the permutation group 
of r objects and 

then e{p) G (p'', p*") . Let us now define 

(p^ p% := { i G (p^ p^) : p(i)e(r, 1) = e(s, l)t } . 

By definition of e(r, s) (r = s = 0), it turns out (t_4, t_4)£ = C{X) ; moreover, a simple computation 
shows that e(r, s) G (p''+'*, p''+*)e , r, s G N. Note that every (p'',^'*)^ is a C(X)-bimodule w.r.t. 
left and right multiplication by elements of C{X) . We say that p has permutation quasi- symmetry 
if every t G (p*", p'') admits a decomposition t = p^{zi)ti , zi & Z , ti E (p*", p'^)^ (note that since 
ti G (p'',p*), then p^{zi)ti = tip^{zi)). In particular, if {p^ , p^) = [pi'',p^)^, r, s G N, then we say 
that p has permutation symmetry, according to 9, §4]. 

Proposition 7.1. // p /las permutation quasi- symmetry, then A' H B ~ C V Z . 

Proof. We proceed in a order of ideas similar to |H1 Lemma 5.1]. As a first step, note that A' CiB is 
SU(d) -stable; thus, by Fourier analysis. A' Ci B is generated as a C*-algebra by sets of "irreducible 
tensors" of the type {Ti , . . . ,Tn G A' Ci B} , satisfying the relations 

N 

j 
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where g S SU((i) and Uji{g) € C are matrix element in some irreducible, unitary representa- 
tion of §U((i) (in particular, note that Uji{g) — u*j{g) are the matrix elements of the inverse of 
{uij{g))ij). Now, every irreducible representation of §U((i) is a subrcpresentation of some tensor 
power of the defining representation. It follows from (|6.10p that §U((i) acts on Md := spanj^^i}^ 
C (i.BjO'b) as the defining representation. Moreover, for every r G N we can identify := 
span{-0/ £ (igjCTg), 1^1 — r} with the r-fold tensor power of M.^, and §U((i) acts on as the 
r-fold tensor power of the defining representation. Thus, there is n G N and an orthonormal set 
{iph} C (i.e., ip*ipj = Sijl), such that 



Let W := E^T^^*^■^ by using ^ and (EH), we find ag(VK) = T.^hkThfl u^ig) uu^{g) = 
J2hk^hkTh(p*k = W. We conclude that W € A. Moreover, T, = Wip,, where W G (p",^), 
(fi C (tBiCTg). Thus, by permutation quasi-symmetry, W — J2k P^'^i'^'')^^ , where Zk & Z and 
Wk S (/9",t^)e. So that, we obtain Ti — J2k '^kWk'Pi ■ Let us now define Ti^k ■= Wk<Pi \ we prove 
that crs{Ti^k) = Ti^k (so that, Ti^k commutes with , '0d and Ti^k G C). By permutation 
quasi-symmetry and (TTi)) . we obtain aB{Ti_^) = p{W u)(TB{.Vi) = M^fee(l,'^) • e(", l)"^; = 1"^,^ , 
and this implies Ti^k G C . Since = z^Ti^k , we conclude that ^'nZ? = CVZ. □ 

We now look for C*-epimorphisms rj : B T which are injective on A, and such that r]{AY n 
T = ri{Z) . Pairs {J^,ri) of the above type are called Hilbert extensions of A. Every Hilbert 
extension corresponds to the crossed product of A by p in the sense of 13 thus can be interpreted 
as a "field algebra" associated with {A, p) . We discuss existence and unicity of the Hilbert extension 
in two important cases. 

Doplicher- Roberts endomorphisms (with non-trivial centre). Let be a unital C*- 
algebra with centre -Z, and p G end^ an endomorphism satisfying the special conjugate property 
in the sense of [21 §4] (i.e., p has permutation symmetry, and there is an isometry R G (t^,p'^)e 
satisfying the special conjugate equations R* p{R) = {—lY^^d^^l^ RR* = d\^^ SpgPrf sign(p)£(p) ). 
Then, we can construct a C*-algebra B satisfying the above properties, as the crossed product of 
A by the dual SU((i) -action induced by p ([9l Thm.4.2]); we maintain the notation C = C{fl) for 
the centre of B, and C{X) for the C*-algebra of p-invariant elements of Z . Since in particular p 
has permutation symmetry the previous proposition applies, so that A' Cl B = C\l Z . 

Theorem 7.2. Let p G endyl be an endomorphism satisfying the special conjugate property. Sec- 
tions s G Sx{^) are in one-to-one correspondence with Hilbert extensions {Ts,ris) of A. For 
every s G Sx{^), there exists a group bundle Qs ^ X y. §lLJ((i) such that {J-s,GstP) «s a fibred 
C{X) -system satisfying ris{A) = , rj^iA)' Ci = VsiZ) ■ 

Proof. If there is s G Sx{^), then existence of a Hilbert extension {Ts,ris) follows from Thm l6.2[ 
and a fibred action {J^s,Qs, P) is defined, satisfying the required properties. On the other side, 
if {J^,r]) is a Hilbert extension, then we note that rj is injective on j{Od) 'Z B , va fact Od is 
simple and ri{t) ^ for every t G j{Od) H A. Let us now consider the restriction (j) :— ry|c . Then, 
0(C) C rj{Z) , thus for every c G C there is / G with 0(c) = rj{f). Since 77 is injective on Z, 
we find that / is unique. Moreover, by using the fact that 0(c) G J-' Ci T , we find rj o p{f) = 



V o Mf) - E.^(V^0^(/)'7(V'0* = VU)- We conclude that r;(/ - p[f)) = 0, i.e. / = p{f); by 



definition of C(X), this implies / G C{X). Thus, we have a C*-epimorphism : C ^ rj{C{Xy), 
which is injective on C{X) C C . By applying the Gel'fand transform, we obtain the desired section 




(7.6) 



□ 
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Note that Qs may be a non-trivial bundle, and may depend on the choice of s (see SeclH])- The 
question of unicity of Gs may be approached by regarding at J-'s as a crossed product A >^ Gs in 
the sense of |21j . Anyway there are some further complications, due to the fact that we may choose 
a Hilbert C(X)-bimodule instead of Md := span to construct an analogue of the C*-algebra 

B (see [201 §!])■ For this reason, wc postpone a complete discussion to a forthcoming paper. 

Baumgartel-Lledo endomorphisms. The following class of C*-endomorphisms has been 
studied in [51 §4]. Let ^ be a unital C*-algebra; we say that p is a canonical endomorphism of A if 
p has permutation quasi-symmetry, with the additional property that every (p'', p'*)^ is a free C{X)- 
bimodule generated by a finite-dimensional vector space, say {p^, p*)c ■ The family of vector spaces 
{p^,p^)c, r,s £ N, is required to be p-stable, closed for multiplication (i.e., {p'^ , p'^)c{p^ , p'')c ^ 
{p^, p^)c) and involution, and such that (t^, l^)c = C, e(r, s) G {p^'^'^ , p^^'')c ■ Let us now suppose 
that there is i? G (t, p'^)^ satisfying the special conjugate equations; in such a case, we say that p is 
a special canonical endomorphism. The p-stable C*-subalgebra of A generated by {R,e{r, s)}^ ^, 
is isomorphic to C'su(ii) (0 Thm.4.1]): such an isomorphism defines a dual action p : 0§,ii(d) ^ A. 
Again, B can be constructed as the crossed product A hy p in the sense of [51 §3], and Prop l7.1l 
applies. 

Lemma 7.3. There is a closed group G C §U(d) with a bundle isomorphism VL ~ X x G\SU(d) . 
The group G is unique up to conjugation in SU((i) . 

Proof. We retain the same notation used in the proof of Prop l7.11 As a preliminary step, we con- 
sider the C*-subalgebra Co of B generated by the set {W*ip : W G ('-^,p")c, G HJJ}. Since 
H2 C (iB,(Tg), we find that W*(pa = W*p'^{a)(p = aW*ip, a ^ A. Moreover, by using frijl . 
we find (jB{W*ip) = VF*e(l, n)e(n, l)<p = W*ip: this means that W*ip commutes with tpi for ev- 
ery i = 1, . . . ,c? (recall (|7.ip ). We conclude that Cq is contained in C. Morever, Wi^piW2'P2 = 
p"^ {W2)cp2fi = {W1W2)* 1^1(^2, for every W^ipi, W2^2 G Cq: thus, the set of linear combina- 
tions of terms of the type W*(p (and the adjoints (p*W) is dense in Co- Let now c :— J2i W*ipi 
such that Oig{c) = c, g d S\J{d)] by averaging w.r.t. the Haar mean, say m : S — > ,4, we find 
c ~ m(c) = W*m{ipi) . Now, m{(pi) is an a-invariant element of some H^' . Since oigoj — jog^ 
g G §U(d), we conclude that m{(pi) belongs to j{Osi]{d)) '!= Now, j(^so(d)) is generated by 
elements belonging to the family [p"^ , p^)c , r, s G N, thus m{(pi) G {la, p"')c • This implies that c = 
= El belongs to CI, in fact W*m{ip,) G (p"Sm)c • (m,p"Oc ^ ('-.A,m)c = CI. 

This proves that Cq ~ CI ; thus, by well-known results, if we pick an element ujq of the spetrum Qq 
of Co , and define G C SU((i) as the stabilizer of wo , then we get a homeomorphism Hq ~ G\§l]{d) . 
Note that G is unique up to conjugation in SlLJ((i) . We now introduce the map T : C{X) (g)Co ^ C, 
r(/(8)co) := fcQ. Let W*f G Cq ; then, \\fW*ipf = \\{f*f){if*WW*ip)\\. Now, note that 
Cip,w ■= {'p*WW*tp) belongs to (t^,M)c; thus, c^p^w is a (positive) multiple of the identity, 
and it is now clear that c<^,w — \\W*(p\\'^ . Moreover, = \\f* fc^^wW'^ — ||/||^c<p^vK — 

11/11^ This proves that F is isometric. We now prove that F is surjective. With the same 

argument as the previous proposition, C is the closed vector space spanned by multiplets of the 
tipe {ci}"^]^, such that Q.g{ci) = J2k'^kUki{g) , g G SU((i) ; the coefficients Uki{g) G C are matrix 
elements of some irreducible representation of §lLJ(d) , say u. Thus, there is a set {ipi} C (t, erg), 
ip*ipj = Sijl such that W* := Y^i^i^i belongs to A (i.e., ag{W*) = W*); note that Cj = W*ipi. 
Moreover, it is clear that W*p"{a) = aW* , i.e. W G {lai P") ■ Since p is a canonical endomor- 
phism, we find W = J2hfhWh, Wh G (t,p")c- Thus, a = J2kh fhi^h'^i) ^ and F is surjective. It 
is now clear that fl ~ X x ^ X x G\SU(d) . □ 
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Theorem 7.4. Let p G end^ be a special canonical endomorphism. Then, there exists a Hilbert 
extension [T, rj) , and a closed group G C §U((i) unique up to conjugation in SU((i) , with an action 
(3:G^ autT such that A ~ 'n{A) = , r]{A)' f\ T = r^{Z) . 

Proof. It suffices to apply Thni l6.2l to the C"''-dynamical system (B, §U((i)) , by choosing s e Sx{X x 
(G\§U(d))) of the type s{x) := (x, wq) , wo e G\SU(d) . □ 

8 Appendix. 

Bundles of homogeneous spaces lacking of sections. Let us denote by T := {z G C : \z\ = 1} 
the torus. For every n G N, we consider the compact subgroup Rn '■= G T : z" = 1} of roots 
of unity. Elementary computations show that the coset space i?n\T can be identified with T, and 
that there is an exact sequence 1 ^ Rn — > T — > T — > 1 , where 1 is the trivial group, and 
Pn{z) ZGN. 

Let 5^ denote the 2-sphere. Principal T-bundles over S*^ are classified by the cohomology 
group H^{S^,T) ~ Z: for every G Z, we denote by ilh the associated principal T-bundle, 

having fibre flh,x — T. The bundle flh — > S'^ is trivial if and only ii h = 0. Let = 1, . . . ,n; it 
follows from [131 Prop. 7. 1.7] that there is an action 

p'' -.T ^autxCiQh) , 

which fiberwise behaves as the multiplication p'''^ : T autC{flh.x) , Pz'''c{uj) := c{ujz^) , c G 
C{Vlh_x)i G T ~ ^h,x- Since multiplication by z*^, z G T, defines an ergodic action on T, 
we conclude that the fixed-point algebra of C{^h,x) w.r.t. p^''^ reduces to the complex numbers. 
Thus, C{VlY — C{S'^). By general properties of principal bundles (|T3l Thm.6.2.3]), the unique 
principal T-bundle over which admits a section is the trivial bundle fio — S*^ x T. 

Non-isomorphic group subbundles, with isomorphic associated homogeneous bun- 
dles. Let n G N, and 0(n) C M„(R) denote the orthonomormal group with unit 1„. For every 
m < n, we have that 0(m) may be regarded as a closed subgroup of 0{n) via the embedding 
0(m) © In-m C 0{n) . The quotient 0{m)\0{n) is the homogeneous space known as the Stiefel 
manifold ([11 7.1]). 

Let X be a compact Hausdorff space. For every n G N, we denote by T„ := X x M" the 
trivial rank n vector bundle, and by Gn ■— X x 0(n) the trivial group bundle with fibre 0(n) . 
For every rank d real vector bundle £ —^ X , we consider the associated bundle of orthonormal 
endomorphsnis 0£ — > X with fibre 0{d) ([HI 1.4.8]). It is well-known that if — > X is a real 
rank d vector bundle, then 0£ is isomorphic to 0£' if and only if = £ ® C for some real line 
bundle C ^ X . 

Thus, if X is a space such that the cohomology group iJ^(X, Z2) is trivial, then every real 
line bundle C ^ X is trivial, and £ ~ f if and only if 0£ ~ 0£' . Let now £ X be a non- 
trivial rank d vector bundle such that £ ®Tn — Td+n for some n G N (i.e., £ has trivial class in 
if-theory). Since £ is non-trivial, 0£ is non-trivial; on the other side, OTd+n = Qd+n is trivial. 
Moreover, the natural monomorphism j : £ ^ Td+n induces a monomorphism adj : 0£ ^ Qd+n ■ 
So that, the trivial bundle Qd+n has two non-isomorphic group subbundles with fibre 0{d) , i.e. the 
trivial bundle Qd and Ti. :— asij(0£). This happens despite the fact that we have isomorphisms 

Qd\Qd+n ^ n\Qd+n ^ n-.^X xiOid)\Oid + n)) ; (8.1) 
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in fact, n is a bundle having the (trivial) cocycle associated with Qd^n as a set of transition maps 
(see [131 Thni.6.4.1] and following remarks). Now, C(0) is endowed with an automorphic action 
p : 0{d + n) ^ autxC'(f2) such that C{il)P = C{X) , and fl is clearly full (in fact, it is a trivial 
bundle over X). This implies that U ^ X is a homogeneous bundle. Anyway, (|8.ip implies that 
fl can be recovered as a quotient of Gd+n w.r.t. non-isomorphic subbundles, namely Gd and Ti.. 

For example, all the above considerations apply in the case in which X is the sphere S'' , 
A: ^ 1, 3, 7, and £ is the the tangent bundle TS'' (TT, 1.5.5]). 
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